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In this paper, we have studied bi-gravity theory in a very specific limit where we focused only
on one degree of freedom generated by the massive graviton. We have analyzed the model in the
context of cosmology and demonstrated that the model can give rise to late time cosmic acceleration
as an attractor of the dynamical system. However, the observational constraints due to tensor
perturbations are stringent giving rise to large fine tuning.
I. INTRODUCTION
Since the first days of General Relativity (GR), alter-
natives to the standard model in gravity have been pro-
posed; the last century has been very prolific and creative
in model building. Some of the models have been intro-
duced by fundamental considerations such as the renor-
malization of GR or the hierarchy problem whereas the
others have been motivated by phenomenological argu-
ments from cosmology such as origin of the accelerated
expansion of the universe. Far from purely theoretical
challenge to construct a consistent theory beyond GR,
these frameworks have been essential for the check of
consistency of all assumptions behind the theory of GR.
For example, alternative theories such as Brans-Dicke[1]
model played a primary role in the elaboration of new
experiments which ironically led to the demise of such
theories. With the same ambition, modern alternatives
to the standard model challenge GR and therefore all
the fundamental assumptions behind Einstein’s theory.
In fact, according to the Lovelock theorem[2], which as-
sumes 4 postulates , the theory of GR is a unique consis-
tent metric theory of gravity. Any modification of grav-
ity challenges therefore one or many of these assumptions
which are 1- the theory is defined by a unique field, the
metric, 2- the theory is defined in 4 dimensions, 3- the
theory is defined by a second order differential equation,
4- the theory is invariant under diffeomorphism. Mas-
sive gravity, (for a review see[3]) as an alternative to GR,
breaks one of the fundamental ideas behind this unique-
ness theorem, the invariance under the symmetry group
by considering a mass term to one of the fundamental
particles in physics; the graviton. This mass could arise
from a Higgs mechanism even though a consistent imple-
mentation of this process is unknown. So far, the mass
has been added by hand. At the linear order, the theory
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developed by Fierz and Pauli in 1939[4] is well defined
and doesn’t suffer from fundamental problems until we
couple the theory to matter. In fact, a massive spin-2
field carries 5 degrees of freedom such that the coupling
of the longitudinal mode is not suppressed even in the de-
coupling limit and gives a theory different from GR. The
solution to this problem was provided by Vainshtein[5]
by including non-linear effects that wakes up the sixth
degree which is a ghost. This cumbersome construction
found finally few solutions by either considering a model
of soft massive gravity (a` la DGP)[6] where the gravi-
ton has no single massive pole or by considering a very
specific “potential” to the theory known as dRGT mas-
sive gravity[7, 8]. Unfortunately, this ghost free theory
of massive gravity failed to provide a standard cosmol-
ogy [8, 9]. Also it is not clear why the theory should
be defined over a fixed Minkowsky spacetime. Follow-
ing this development, first some new background metrics
were proposed such as de Sitter space time [10] and there-
fore implicitly pointing out the problem in the freedom to
choose a fixed reference space time. In this context, bi-
gravity where the reference metric acquires a dynamics
became a new theory to be explore. This new framework
introduced in [11] became rapidly very popular but if one
assumes it as a good candidate of dark energy(for a re-
view see[12]), one requires the mass term in the theory to
be of the order of the Hubble rate today (H0). However
this would imply a gradient instability during radiation
era [13]. Therefore making us forced to take a large mass
of the graviton (m ≫ H0) which either would make the
theory indistinguishable from GR at low energy or in-
consistent with local tests because the Vainshtein mech-
anism would be insufficient to suppress the modification.
In this context, it was proposed [14] to add to the Vain-
shtein effect, a chameleon mechanism by promoting the
mass term to a function that allows for the mass of the
massive graviton to be environment dependent.
In this framework, one always deals with a particular
degree of freedom, a scalar field which couples to matter
and provides strong information of the viability of the
theory, for instance, in the decoupling limit or the con-
struction of Galileon theory by the brane bending mode.
2In this context, we propose to study a particular case,
which is a sub-category of the extended massive grav-
ity proposed in [14] where the two metrics are related to
each other by a disformal transformation1. We will show
that the theory will reduce to the quartic DBI Galileon
which has been first introduced through extra dimensions
[15] and therefore connecting brane models with the pres-
ence of Gauss-Bonnet to bi-gravity in 4D in a “disformal
limit”. Finally we will study the cosmology of the model.
The structure of this paper is as follows. In Sec. II we
describe the scenario under consideration. In Sec. III we
study the cosmological dynamics and checked the stabil-
ity of the system at the fixed points through dynamical
system analysis. In Sec. IV we study the tensor perturba-
tions and compared the model with recent observational
bounds on the gravitational wave speed. In Sec. V we
modify our system to a general set-up of φ dependent β
with addition of canonical kinetic term for it and briefly
discuss the its cosmology. Finally we conclude in Sec. VI.
II. THE ACTION
We consider the following bimetric theory [11]
S =M
2
g
2
∫
d4x
√−gR[g] + ǫM
2
f
2
∫
d4x
√
−fR[f ]
+
M2g
2
m2
∫
d4x
√−g
4∑
i=0
βiUi[s] , (1)
where sαβ ≡ (
√
g−1f)αβ and the potentials Ui(i =
0, 1, 2, 3, 4) are defined in terms of Tn ≡ Tr[sn] as
U0 = 1 , (2)
U1 = T1 , (3)
U2 =
1
2
(T 21 − T2) , (4)
U3 =
1
6
(T 31 − 3T2T1 + 2T3) , (5)
U4 =
1
24
(T 41 − 6T 21 T2 + 3T 22 + 8T1T3 − 6T4) . (6)
where we have added in the action ǫ = ±1 for complete-
ness.
In this paper we consider the disformal relation be-
tween the two metrics
fµν = gµν +B(φ)φµφν , (7)
1 In ref[14], the environment dependency is implemented by pro-
moting βi as a function of scalar field φ and considering an ad-
ditional kinetic term of φ. We have done the same but instead
of considering additional kinetic term, we imagined that it is one
of the modes of the massive graviton that we have isolated from
other modes by this disformal coupling.
where φµ ≡ ∂µφ = ∇µφ. From which we can find easily
the relations
sαβs
β
γ = δ
α
γ +B(φ)φ
αφγ , (8)
fµν = gµν +
B
2BX − 1φ
µφν (9)
Γρµν [f ] = Γ
ρ
µν [g]−
B′
2(2BX − 1)φ
ρφµφν − B
2BX − 1φµνφ
ρ
(10)
R[f ] = R[g]− B
1− 2BXRµνφ
µφν +∇µV µ, (11)
where
V µ =
B
1− 2BX
[
φφµ − φµνφν
]
, (12)
where φαβ ≡ ∇β∇αφ, X = − 12φµφµ and we use the met-
ric gµν to lower and upper the indices. Here we can say
that βi can be regarded as function of the same scalar
field as φ in the disformal relation (7), without loss of
generality. From Eqs. (8) and (11) we can see that the
dynamics of the field will not come from a standard ki-
netic term but from R[f ] and the potentials βi(φ)Ui[s].
It is also possible to identify the scalar longitudinal
graviton mode φ, with a standard canonical degree of
freedom by adding an kinetic term to the action (1) as
done in [14]. However we briefly discuss this scenario in
Sec. V where we have shown its cosmological behavior
Now the action for the metric f , follows from the above
and after some integration by parts, becomes∫
d4x
√
−fR[f ] =
∫
d4x
√−g
[
K¯(φ,X)− G¯3(φ,X)φ
+ G¯4(φ,X)R+ G¯4X(φ,X)
[
(φ)2 − φ2µν
]]
(13)
with
K¯(φ,X) = −2X
[
B′2(1−BX)−BB′′(1− 2BX)]
B2
√
1− 2BX ,
(14)
G¯3(φ,X) =
(1 − 4BX)B′
B
√
1− 2BX , (15)
G¯4(φ,X) =
√
1− 2BX, (16)
which reduces to a class of Horndeski theory [16] and a
form of higher dimensional gravity theories [15], the quar-
tic Galileon [17, 18]. Therefore the full action becomes
S =M
2
g
2
∫
d4x
√−g
[
K(φ,X)−G3(φ,X)φ+G4(φ,X)R
+G4X(φ,X)[(φ)
2 − φ2µν ] +m2
4∑
i=0
βiUi[s]
]
, (17)
where we define
K(φ,X) = ǫαK¯(φ,X) , (18)
3G3(φ,X) = ǫαG¯3(φ,X) , (19)
G4(φ,X) = 1 + ǫαG¯4(φ,X) , (20)
with
α =
M2f
M2g
, (21)
GiX =
∂Gi
∂X
. (22)
The action (17) can be easily generalized by performing
a transformation fµν = A(φ)gµν +B(φ)φµφν on it.
In the limit X ≪ 1, the action becomes
S = M
2
g
2
∫
d4x
√−g
[
(1 + ǫα)R+m2
4∑
i=0
βiUi[s]
]
(23)
from which we decide to define Planck mass as
M2g (1 + ǫα) ≡M2Pl, which gives M2g + ǫM2f =M2Pl
(24)
III. COSMOLOGY
A. Field equations
In order to incorporate the above theory in cosmo-
logical framework we have to introduce the matter and
radiation sector in the action (1) and we assume here β
is independent of φ. Next, we consider a flat Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) metric of the form
ds2 = gµνdx
µdxν = −N(t)2dt2 + a(t)2δijdxidxj , (25)
where t is the cosmic time and xi are the comoving spatial
coordinates, N(t) is the lapse function, and a(t) is the
scale factor. In FLRW geometry, φ becomes a function
of t only and thus X = 12 φ˙
2(t)/N2. To calculate the field
equations we start with action (1) including the matter
action and vary it with respect to (w.r.t) N(t) and a(t)
respectively, and set N = 1, we obtain the Friedmann
and Raychaudhuri equations respectively as
3H2M2Pl = ρm + ρr + ρφ , (26)
(2H˙ + 3H2)M2Pl = −
ρr
3
− pφ , (27)
where ρm and ρr are the matter and radiation energy
densities. ρφ and pφ are the energy density and pressure
of the scalar field which are given by
ρφ
M2g
= β +
γ√
1− 2BX
+3αǫ
(
1− 1
(1− 2BX)3/2
)
H2 , (28)
pφ
M2g
= −β − γ
√
1− 2BX + ǫα
{(
BX˙ +XBφφ˙
)
2H
(1− 2BX)3/2
+
(
2H˙ + 3H2
)( 1√
1− 2BX − 1
)}
. (29)
where
β = −m
2
2
(β0 + 3β1 + 3β2 + β3) , (30)
γ = −m
2
2
(β1 + 3β2 + 3β3 + β4) . (31)
Notice that with this definition, we have in FLRW back-
ground
m2
4∑
i=0
βiUi[s] = −2β − 2γ
√
1− 2BX (32)
and therefore β+γ plays the same role as a cosmological
constant in the limit X ≪ 1. Also From Eq. (28) and
(29) one can see that in the absence of R[f ], we have
ΛCDM model iff β1 + 3β2 + 3β3 + β4 = 0 (γ = 0).
The equation of motion of the scalar field is obtained
by varying the action w.r.t the scalar field φ and is given
by{
3ǫαH2(1 + 4BX)− γ(1− 2BX)
}(
Bφ¨+XBφ
)
+(1− 2BX)
{
ǫα(2H˙ + 3H2)− γ(1− 2BX)
}
3BHφ˙
= 0 . (33)
B. Dynamical System and fixed point analysis
To obtain a dynamical system, we define the following
dimensionless parameters
x =
β
3H2
, (34)
y =
α1/3
(1 − 2BX) 12 , (35)
Ωr =
ρr
3H2M2Pl
, (36)
Ωm =
ρm
3H2M2Pl
, (37)
Ωφ =
ρφ
3H2M2Pl
(38)
Using the dimensionless parameters x and y we can
define fractional energy density for the scalar field
Ωφ =
x− ǫy3 + αǫ + σxy
α
1
3
1 + αǫ
, (39)
where σ = γ/β. Also from Eq. (26) we have Ωm +
Ωr + Ωφ = 1. So we can form a dynamical sysytem
with three variables among the five variables defined in
the Eqs. (34)-(38). We choose the first three variables
(Eqs. (34)-(36)). The dynamical system is given below,
4dx
dN
= x
{
3α1/3σ2x2 +
(
3ǫα1/3y3 − y(2ǫα+ σx)
)
((1 + ǫα)Ωr + 3(1− x)) − 6ǫα2/3σxy2 + 3αy4
}
/{
y
(
− 2ǫα− σx− ǫα2/3σxy + αy3 + 3ǫα1/3y2
)}
, (40)
dy
dN
= −
(
y2 − α2/3) (3x (ǫα1/3y2 − σ)− y2ǫα1/3(1 + ǫα)Ωr)
y
(−2ǫα− σx− ǫα2/3σxy + αy3 + 3ǫα1/3y2) , (41)
dΩr
dN
= Ωr
{
3α1/3σ2x2 − 2ǫα2/3σxy2 − αy4 +
(
3ǫα1/3y3 − y(2ǫα+ σx)
)(
(1 + ǫα)Ωr − (1 + 3x)
)}
/{
y
(
−2ǫα− σx− ǫα2/3σxy + αy3 + 3ǫα1/3y2
)}
, (42)
(43)
where N = ln a. In terms of the dimensionless variables the effective
and field’s equation of states are given by
weff =
3σx2
(
α1/3σ + y
)
+ xy
(
6ǫα− σ(1 + ǫα)Ωr − 9ǫα1/3y2 − 3ǫα2/3σy
)
+ ǫα1/3(1 + ǫα)y
(
3y2 − 2α2/3)Ωr
3y
(−2ǫα− σx − ǫα2/3σxy + αy3 + 3ǫα1/3y2) , (44)
wφ =
{
α1/3 (1 + ǫα)
(
− 3σx2
(
α1/3σ + y
)
+ ǫx
(
9α1/3y3 + α2/3σy2(3 − Ωr)− αy(6 − σΩr)
)
+αy(y3 − 3α1/3y2 + 2α)Ωr
)}/{
3y
(
−2ǫα− σx − ǫα2/3σxy + αy3 + 3ǫα1/3y2
)(
ǫα1/3(y3 − α)
−x
(
α1/3 + σy
))}
. (45)
One interesting thing to notice here is that the dynami-
cal system and the equation of states are independent of
the form of B(φ). In other words, the background cos-
mological dynamics is independent of the form of B(φ).
Pts. x y Ωr Ωφ Ωm wφ weff Eigen Values Nature of Stability
PR 0 α
1/3 1 0 0 -1 1/3 1, 2, 4 unstable
PM 0 α
1/3 0 0 1 -1 0 -1, 0, 3 saddle
PdS
1+ǫα
1+σ
α1/3 0 1 0 -1 -1 -6, -4, -3 stable
L 0 y 6= 0 0 ǫ(α−y
3)
1+ǫα
1+ǫy3
1+ǫα
0 0 -1, 0, 3 saddle
Special point only for ǫ = 1
PS 1
√
σ
α1/6
0 1 0 -1 -1 -4, -3, -3 stable
TABLE I. Critical points, their nature and stability.
In Table I, we have listed all fixed points of our model.
Among these points we can see that the first three points
correspond to standard cosmology with PR being radi-
ation era, PM the matter era and PdS the dS universe.
They all belong to the same subspace y = α1/3 which cor-
responds to φ˙ =constant. We also notice that we could
5impose ǫ = −1.
To these three critical points, we have an additional
critical line PL corresponding to φMDE, which is an era
dominated by the scalar field but behaving like a matter
dominated era. It is standard in various theories with
non-minimally coupled scalar field or f(R) theory [19].
And finally, the special case ǫ = +1 gives rise to an
additional non-trivial dS point. In fact, PdS could be
reached with a trivial scalar field φ˙ constant from radi-
ation era, therefore a ΛCDM model. In order to have
a non-trivial dynamics, we need to reach the point PS
which means that y would change from the radiation era.
Therefore, if one look to some new physics, it is wise to
choose ǫ = +1.
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FIG. 1. Phase space in the Poincare´ sphere describing the
dynamics of the system in the late universe (Ωr = 0) for
ǫ = 1, α = 1 and σ = 0.01
We see from Fig. 1, the very interesting phase space of
this system.We have reduced the system to Ωr = 0 which
corresponds to late universe. Also we have represented
the phase space in the Poincare´ coordinates (X,Y )
X =
x√
1 + x2 + y2
(46)
Y =
y√
1 + x2 + y2
(47)
which permits to have access to the full phase space by
compactifying the variables over a sphere. This system is
reduced to Y > 0 because of the definition of this variable
and X > 0. The case X < 0 being similar.
We have two de Sitter points belonging to invariant
submanifolds represented in green dashed line. It is in-
teresting to notice that each one defines an invariant sub-
space separated by the blue line representing an other
invariant submanifold. Therefore we have 2 separated
subspaces with each one an attractor point. The mat-
ter point belongs to the upper subspace and therefore we
have a trajectory PM → PdS corresponding to a trivial
cosmology (φ˙ constant). The interesting attractor would
be PS for which φ(t) would have a non-trivial evolution
during the expansion of the universe. Unfortunately, this
point is decoupled from PM and hence we could not have
a standard evolution of matter era followed by de Sitter
universe. But as we have noticed previously, the model
has a critical line for X = 0 which represents a φMDE,
therefore we could have a φMDE followed by PS . This
would be compatible if we start from a critical point close
to PM and therefore reduce the presence of the scalar
field during the matter era. That would be viable if α is
sufficiently small.
Notice finally that if σ = α, the two de Sitter points
merge into one critical point as seen in Fig. 2
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FIG. 2. Phase space in the Poincare´ sphere describing the
dynamics of the system in the late universe (Ωr = 0) for
ǫ = 1, α = 1 and σ = 1
In Fig. 3 we have shown the evolution history of the
universe in terms of the fractional energy density Ω.
Same is shown in the Fig. 4 in terms of energy density
ρ and equation of state w. The figures show that the
viable cosmological evolution of the cosmological param-
eters can be achieved in the scenario under consideration.
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FIG. 3. Green (dotted), blue (dashed) and red (solid) lines
represent evolution of the fractional energy density of matter,
radiation and scalar field respectively for parameters σ = 1
and α = 1.
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FIG. 4. Up: Green (dotted), blue (dashed) and red (solid)
lines represent evolution of the energy density of matter, ra-
diation and scalar field respectively. ρc0 is the present critical
density of the Universe. Bottom: Evolution of equation of
states are shown. Red (solid) line represents effective equation
of state and blue (dotted) line represents scalar field equation
of sate. For both the plots σ = 1 and α = 1.
IV. TENSOR PERTURBATIONS
In this section, we will study the tensor perturbations
of this model. Considering the previous background, we
decompose the metric in the ADM form
ds2 = −N2dt2 + γij
(
dxi +N idt
)(
dxj +N jdt
)
(48)
Following the standard process [20], the metric is ex-
panded around the FLRW metric by considering
N = 1 (49)
Ni = 0 (50)
γij = a
2
(
δij + hij +
1
2
hikh
k
j
)
(51)
With these definitions, the action is expanded to the sec-
ond order and the quadratic action is found to be
S(2)T =
∫
d4xa3GT
[
h˙2ij −
c2T
a2
(~∇hij)2
]
(52)
where
GT = 1 + ǫα2/3y (53)
and squared sound speed is given by
c2T =
1 + ǫα4/3/y
1 + ǫα2/3y
(54)
These formulas are consistent with what was previously
found in [21]. Notice that c2T = 1 for y = α
1/3 which cor-
responds to an invariant submanifold. Therefore during
the evolution either cT > 1 or cT < 1 but can’t cross the
line cT = 1.
The detection of the binary neutron star merger
GW170817 and its associated electromagnetic counter-
parts have put very strong constraints on cT [22, 23].
1− 3.10−15 ≤ cT
c
≤ 1 + 7.10−16 (55)
Considering that our model converges to PdS , we would
have y ≃ α1/3 today, which gives cT ≃ 1. But if we
consider the model to converge to PS , we would have
y ≃ √σ/α1/6 today and therefore
c2T =
1 + α3/2/
√
σ
1 +
√
ασ
(56)
We will have cT ≃ 1 if we consider α ≃ σ and therefore
if PS = PdS . We see therefore from this analysis that the
second attractor (PS) is excluded except if extreme fine-
tuning of the parameters. We can conclude that only the
standard cosmology PR → PM → PdS is consistent with
latest constraints from gravitational wave experiment.
7V. DYNAMICS IN CASE OF φ DEPENDENT β
In this section we promote the coefficient of the poten-
tial Ui as a function of the scalar field φ via, βi = βi(φ)
and also add a canonical kinetic term for the scalar field.
By doing so, we promote environment dependency of the
mass term as discussed in ref.([14]) where one can im-
plement chameleon mechanism. Here we only briefly dis-
cuss its cosmological behavior By this inclusion our ac-
tion takes the following form
Sc =
M2g
2
∫
d4x
√−gR[g] + ǫM
2
f
2
∫
d4x
√
−fR[f ]
+
M2g
2
m2
∫
d4x
√−g
4∑
i=0
βi(φ)Ui[s]
− 1
2
∫
d4x
√−ggµν∂µφ∂νφ , (57)
Varying the action w.r.t N(t), a(t) and φ(t), we ob-
tain Friedmann equation, evolution equation and Klein-
Gordon equation respectively. Writing in a compact way
we respectively found
ρφ = 3H
2M2Pl +
M2Plβ
1 + αǫ
+
1
2
φ˙2 +
M2Plγ
(1 + αǫ)
√
1−Bφ˙2
−
3H2M2Pl
(
1 + αǫ
(1−Bφ˙2)
3
2
)
1 + αǫ
, (58)
pφ = −M2Pl
(
2H˙ + 3H2
)
− M
2
Plβ
1 + αǫ
+
1
2
φ˙2 +
M2Plγ
(1 + αǫ)
(
1−Bφ˙2
) 3
2
− M
2
PlγB
2φ˙4
(1 + αǫ)
(
1−Bφ˙2
) 3
2
− 2M
2
Plγ
(1 + αǫ)
√
1−Bφ˙2
+
(
2H˙ + 3H2
) M2Pl
1 + αǫ
+
M2Plαǫ
(1 + αǫ)
√
1−Bφ˙2

+ 2M2PlBHαǫφ˙φ¨
(1 + αǫ)
(
1−Bφ˙2
) 3
2
, (59)
G¯4
4
M2Pl
(
G¯4β
′ + γ′
)
+ 3G¯4
2
Hφ˙
{
G¯4
2 (
G¯4 +BM
2
Plγ
)
+
(
G¯4
3 −M2PlB
(
2H˙ + 3H2
)
αǫ
)}
{
G¯4
5
+BG¯4
2
M2Plγ +
(
G¯4
5
+ 3B
(
−3 + 2G¯42
)
H2M2Pl
)
αǫ
}
φ¨ = 0. (60)
where β = β(φ), γ = γ(φ) defined the same way as above
and ′ denotes the derivative w.r.t φ and G¯4 =
√
1−Bφ˙2.
A. dynamical system
To understand the behavior of the above system we
define some additional dimensionless variables(x and y
are as defined above, γ = βσ and γ′ = β′σ)
z2 =
φ˙2
6H2M2Pl
(61)
κφ =MPl
β′
β
(62)
Γφ =
β′′β
β′2
(63)
Using dimensionless variables we obtain
wφ = −
α1/3 (αǫ+ 1)
(
A1 +A2 +A3 + x(A4 +A5 +A6)
)
A7 D
(64)
weff = −1 +
2y B1 ǫ
(
y2 − α2/3)−B2 B3
3
√
6 D y
(65)
Using these variables we get the constraint equation
Ωφ +Ωr +Ωm = 1 (66)
with
Ωφ =
αǫ + σxy
α1/3
+ x− ǫy3 + αz2ǫ+ z2
αǫ+ 1
. (67)
We have the evolution equations for the the dynamical
variables as
dx
dn
=
x√
6
{
6zκφ +
( (
2y
(
y2 − α2/3) ǫA−BC) )
y D
}
(68)
dy
dn
=
(
y2
α2/3
− 1
)
E + F +G√
6 D
(69)
dz
dn
=
z(P −Q+R + S + T )
2
√
6 D y
(70)
dΩr
dn
= Ωr
(
M −N O√
6D y
− 4
)
(71)
8dκφ
dn
=
√
6(Γφ − 1)κ2φz (72)
with A1, A,B etc. are given in appendix A(VII)
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FIG. 5. Up: Green (dotted) and red (solid) lines represent
evolution of the fractional energy density of matter and scalar
field respectively. Bottom: Evolution of equation of states
are shown. Green (dashed) line represents effective equation
of state and blue (dotted) line represents scalar field equation
of sate. For both the plots σ = 1, α = 0.12 and λ = 0.5.
B. Numerical analysis
To study the cosmological late time behavior of our
present system, we further consider Ωr = 0, as we are
concerned with late time only and choose a specific form
for the coefficient β as
β(φ) = βMe
λφ/MPl , (73)
with βM is some constant with dimension of M
2
Pl and
λ is a dimensionless constant. These further simply the
system by making κφ = λ and keep only three relevant
dynamical equations(68, 69 and 70). Here we only focus
on whether the scalar dof gives an accelerated expan-
sion and leave a more systematic analysis of all critical
points for future project. The numerical results shows
that scalar field, φ indeed gives a suitable dark energy
behavior. It is very clear from Fig.5 that the scalar field
starts out from a kinetic regime and then enters the ac-
celerated phase, So we can conclude that it has needed
shows a viable dark energy behavior.
Thus we can say that φ dependent β case ( set up for
implementation of chameleon mechanism) do not spoil
the dark energy behavior, although it significantly alter
its nature.
VI. CONCLUSION
In this paper, we studied a specific limit of bi-gravity
where we have focused on one additional scalar degree
of freedom. We have shown that the framework, in this
case, reduces to DBI class of theories where the mass
term of the graviton splits into two parts, one behaving
like a cosmological constant whereas the other looks like√
1− 2BX. Considering this new model, we have stud-
ied the background evolution using the dynamical system
approach. We have demonstrated the existence of two
attractors with two basins of attraction separated by an
invariant submanifold. One of the regions is relevant to
standard cosmology where the acceleration is provided
by the effective cosmological constant generated by the
mass of the graviton. The second attractor PS is associ-
ated with a new dynamics where the scalar field evolves
in time such that PS can not be reached starting from
radiation era thereby no viable cosmology in this case.
Finally, we have studied the scalar tensor perturbations
in the model under consideration and showed that if the
first attractor is consistent with observations at late time,
the second attractor is generally disfavored because the
speed of propagation of gravitational waves deviates too
much from current constraints, the requirement of CT to
be extremely close to one give rise to large fine tuning in
α. As for the first attractor, PR → PM → PdS , dynam-
ics is consistent with latest constraints from gravitational
wave experiment. Thus we conclude that focusing only
on one degree of freedom provided by the second sector
of gravity, it is difficult to accommodate all current con-
straints without invoking large fine-tuning.
It is also clear that that this model exhibits a proper
dark energy behavior even after its modification to con-
sider environment dependency.
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9VII. APPENDIX A
A1 = −3σx2y
(
y2 − α2/3
)(
α1/3σ + y
)
+ αy7Ωrǫ
2 − 3α1/3y6ǫ (αΩrǫ+ 3z2(αǫ + 1))− α5/3y5Ωrǫ2, (74)
A2 = 2αyz
2(αǫ + 1)
(
αΩrǫ+ 3z
2(αǫ + 1)
)− 2α5/3y2ǫ(αΩrǫ+ (Ωr − 3)z2(αǫ + 1)
)
, (75)
A3 = αy
4ǫ
(
5αΩrǫ + 3z
2(αǫ + 1)
)
, (76)
A4 = 9α
1/3y6ǫ− α2/3σy5ǫ
(
Ωr + 2
√
6κφz − 3
)
− 6αyz2(αǫ + 1)− 6α4/3σz2(αǫ+ 1), (77)
A5 = α
4/3σy3ǫ
(
Ωr + 2
√
6κφz − 3
)
+ α2/3y2
(
αǫ
(
−σΩr − 3σz2 + 2
√
6κφz + 6
)
− 3σz2
)
, (78)
A6 = y
4
(
αǫ
(
σΩr + 3σz
2 − 2
√
6κφz − 15
)
+ 3σz2
)
, (79)
A7 = 3y
{
x
(
α1/3 + σy
)
+ α1/3
(
ǫ
(
α− y3)+ z2(αǫ + 1))}, (80)
B1 = −3
√
6α4/3σx + 3α2/3y2
(√
6αǫ + σx
(
2κφz +
√
6
))
+ 6αyz
(
κφx+
√
6z(αǫ+ 1)
)
− 3
√
6αy4ǫ, (81)
B2 =
√
6
(
2αz2(αǫ + 1)−
(
y3 − α2/3y
)(
−2αǫ− σx+ 3α1/3y2ǫ
))
, (82)
B3 = −3α1/3σx+ y
(
αΩrǫ− 3x+Ωr + 3z2(αǫ + 1) + 3
)
+ 3α2/3y2ǫ, (83)
A = −3
√
6α4/3σx + 3α2/3y2
(√
6αǫ + σx
(
2κφz +
√
6
))
+ 6αyz
(
κφx+
√
6z(αǫ+ 1)
)
− 3
√
6αy4ǫ, (84)
B =
√
6
(
2αz2(αǫ + 1)−
(
y3 − α2/3y
)(
−2αǫ− σx+ 3α1/3y2ǫ
))
, (85)
C = −3α1/3σx+ y (αΩrǫ− 3x+Ωr + 3z2(αǫ+ 1) + 3)+ 3α2/3y2ǫ, (86)
D = y
(
y2 − α2/3
)(
−2αǫ− σx− α2/3σxyǫ + αy3ǫ2 + 3α1/3y2ǫ
)
− 2αz2(αǫ + 1)
(
α2/3yǫ+ 1
)
, (87)
E = −3
√
6α4/3σx + 6α4/3κφσxy
3zǫ+ 6αyz
(
κφx+
√
6z(αǫ+ 1)
)
, (88)
F = α2/3y2
(
3x
(
2κφz +
√
6
)
(αǫ + σ) +
√
6αǫ(αǫ + 1)
(
3z2 − Ωr
))
, (89)
G =
√
6αy4ǫ
(
(αǫ + 1)
(
Ωr + 3z
2
)− 3x) (90)
S = 3
√
6α1/3σxy3(2αǫ+ σx) + 6
√
6α4/3σx
(
z2(αǫ + 1)− 1)+ 3√6αy7ǫ2, (91)
P = 3
√
6α1/3y6ǫ
(
αΩrǫ− 3x+Ωr + 3z2(αǫ + 1) + 3
)
− 3α2/3y5ǫ
(√
6αǫ+ 2σx
(√
6− 2κφz
))
, (92)
Q = αy
{
3
√
6σ2x2 + 2
√
6z2(αǫ + 1)(αΩrǫ− 3x+Ωr − 3)− 12κφxz + 6
√
6z4(αǫ + 1)2
}
, (93)
R = α2/3y2
{√
6αǫ
(
σxΩr + 3z
2(σx − 2) + 6
)
+ σx
(
−3
√
6x+
√
6(Ωr + 9) + 3
√
6z2 + 12κφz
)
− 6
√
6α2z2ǫ2
}
, (94)
T = y4
[
− αǫ
{
x
(√
6(σΩr − 9) + 3
√
6σz2 − 12κφz
)
+ 3
√
6
(
Ωr − z2 + 5
)}
+
√
6σx
(
3x− Ωr − 3z2 − 3
)
+ 3
√
6α2ǫ2
(
z2 − Ωr
) ]
, (95)
M = 2yǫ
(
y2 − α2/3
){
− 3
√
6α4/3σx+ 3α2/3y2
(√
6αǫ + σx
(
2κφz +
√
6
))
+ 6αyz
(
κφx+
√
6z(αǫ+ 1)
)
− 3
√
6αy4ǫ
}
,
(96)
N =
√
6
{
2αz2(αǫ + 1)−
(
y3 − α2/3y
)(
−2αǫ− σx+ 3α1/3y2ǫ
)}
, (97)
O = −3α1/3σx+ y
(
αΩrǫ− 3x+Ωr + 3z2(αǫ + 1) + 3
)
+ 3α2/3y2ǫ. (98)
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